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Abstract

Let p be a large prime number, h > 0 and s be integers, and
X C [1,h] N Z. Following the work of Bourgain, Garaev, Konyagin
and Shparlinski (2013), we obtain nontrivial upper bounds for the
number of solutions to the congruence

4 4
sz‘i‘s EHyJ+S 7_é0 (HlOdp), xi>ijX'
i=1 j=1

We apply these bounds to obtain new results on the number of integer
points on exponential curves modulo a prime.
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1 Introduction

Let p be a large prime number, h be a positive integer and g be an integer of
multiplicative order T > h. Let also s and a be integers with ged(a,p) = 1.
Denote by J, 4(s; h) the number of solutions to the congruence

r=ag’ (modp), s+1<zy<s+h.

From the theory of exponential and character sum estimates it is known that
if h < p3/*, then
Ja7g(8; h) << p1/27

1

2 May 2019 15:42:17 PDT
Version 2 - Submitted to Acta Arith.



see, for example, Montgomery [9] or Garaev [7]. However, in the range
h < p!/? this estimate becomes worse than the trivial bound J, ,(s;h) < h.
The problem of obtaining nontrivial bounds to J,4(s; h) for all ranges of
h was initiated in the work of Chan and Shparlinski [4], with subsequent
refinements in [6] and [2, 3]. More precisely, for a positive integer n and an
integer A # 0 (mod p) denote by I, (s, h,\) the number of solutions to the
congruence

(x14+8) - (rn+s)=A (modp), 1<ux,...,2, <h.

It was shown by Cilleruelo and Garaev [6] (for the case n € {2,3}), and
by Bourgain, Garaev, Konyagin and Shparlinski [2] (for any n), that if h <
/=1 then I,(s,h, ) < h°). This, in particular, easily implies that if
h < p/™*=1_ then we have the bound

Jag(s;h) < RYnte®)

Further improvement on the range for h was obtained by Bourgain et. al. [3]
for n € {2,3}. More precisely, let X be an arbitrary subset of integers of the
interval [1,h| with |X| = #X elements. Denote by L, (p, X’;s) the number
of solutions to the congruence

n n

[[(zi+s)=[I(y;+s)#0 (modp), my;€X. (1)

i=1 j=1

Bourgain et. al. [3] proved that if h3/|X| < p, then Ly(p, X;s) < |X|?hoW).
They also proved that if h8/|X|* < p, then Lz(p, X;s) < |X[?h°M). As a
consequence of these estimates, they showed

h1/2+o(1) Zf h<p2/5;
Jug(sih) < { p/3+e() G f b < p3/20,

One can believe that if h < p'/2 then J, ,(s;h) < h°W. At the present
time this seems to be a hopeless task to prove. A much weaker, but still a
challenging task would be to establish the existence of an absolute positive
constant ¢ < 2 such that if n > 2 is a fixed integer and h < p'/™, then
Juy(s1h) < h/mro(d),

On the other hand, here we state the following conjecture which we believe
to be somehow accessible to prove.
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Conjecture 1. Let n > 2 be a fixed integer constant and
h < p(n—l)?n%l),

Then
Ja,g(s;h) g hl/n-i-o(l).

From this perspective, the aforementioned work [3] establishes the validity
of Conjecture 1 for n = 2 and n = 3. In the present paper, based on the
arguments of [3], we obtain the following estimate for L4(p, X’;s), which
leads to the proof of Conjecture 1 for n = 4.

Theorem 1. Let X C [1,h] be a set of integers with
B4 15
W + W <p.
Then,
Lu(p, X3 s) < |X|*eCrctoen
for some absolute positive constant C'.

Corollary 1. For h < p*/°! we have the bound J, ,(s; h) < ht/4TeM)

The paper is organized as follows. In section 2 we state the auxiliary
Lemmas which are used in section 3 to prove Theorem 1. In section 4 from
Theorem 1 we derive our Corollary 1.

In what follows, we use the notation A < B to mean that |A| = O(B),
that is, |A| < ¢B for some constant c.

2 Lemmas

The following lemma is a particular case of a more general result from [3].

Lemma 1. Let h > 1 and 0,9 € R be such that ¥ > 0 and let m > 1 be a
fized integer. Let Pi(Z) and Py(Z) be nonconstant polynomials with integer
coefficients,

P(Z) =) _aZ"" and PyZ)=) b;Z""
=0

=0
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such that
las| < AR, |b| < ARV i =0,1,...,m,

for some A. Then
Res(Py, Py) < h™ tm(et?),

where the implicit constant in < depends only on A and m.

We recall that the logarithmic height of an algebraic number « is defined
as the logarithmic height H(P) of its minimal polynomial P, that is, the
maximum logarithm of the largest (by absolute value) coefficient of P.

We need the bound of Chang [5, Proposition 2.5] for the divisor function
in number fields.

Lemma 2. Let K be a finite extension of Q of degree d = [K : Q] and let
Zy be the ring of integers in K. Let also v € Zk be an algebraic integer
of logarithmic height at most H > 2. Then the number of pairs (v1,7v2) of
algebraic integers vi,ve € Zk of logarithmic height at most H with v = 179
is at most ePH/ 108 ) “where the implied constant depends on d.

We recall the following consequence of [8, Theorem 4.4] (see also [3]).

Lemma 3. Let P,QQ € Z[Z] be two univariate nonzero polynomials with
Q| P. If P is of logarithmic height at most H > 1 then Q is of logarithmic
height at most H + O(1), where the implied constant depends only on deg P.

Recall that a lattice in R™ is an additive subgroup of R™ generated by n
linearly independent vectors. Take an arbitrary convex compact and sym-
metric with respect to 0 body D C R”. Recall that, for a lattice I' C R”
and i = 1,...,n, the i-th successive minimum \;(D,T) of the set D with
respect to the lattice I' is defined as the minimal positive number A such that
the set AD contains ¢ linearly independent vectors of the lattice I'. Obvi-
ously, Ay (D,T") < ... < A\, (D,TI'). We need the following result proven in |1,
Proposition 2.1].

Lemma 4. For any lattice ' in R™ and any centrally symmetric convex body
D C R"™, we have

|DmF)|§Zﬁl(%+1)
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Corollary 2. For any lattice T' in R™ and any centrally symmetric convex
body D C R"™, we have

(2n+ )N

in{\;(D, 1), 1} < — -
Hmln{ l( i )7 }— |DﬂF|

where (2n 4+ 1)1 stands for the product of all the odd natural numbers less
than or equal to 2n + 1.

3 Proof of Theorem 1

Denote X = |X|. Let ¢ be a small positive constant. We observe that it
suffices to prove the theorem under the condition

h14 h15

ﬁ + ﬁ < éep. (2)

Indeed, if X > eh, then the result follows from [3, Theorem 17]. Thus, we can
assume that X < eh. But then we can find X’ such that X C X" C [1,h|NZ
and |X’| = | X/e]. Hence, for X’ we have that

h14 h15

s A

< ep

and then we proceed with X’ instead of X'. Thus, we can assume that (2)
holds.

We can also assume that Ly(p, X;s) > X%Cﬁ, for a large constant
C > 0 (as otherwise there is nothing to prove).

From (2) it follows that h® < h® < ep. In particular, if s = 0 (mod p),
then the congruence is converted to an equality with s = 0 and the con-
tradiction follows from the bound for the divisor function. Thus, s # 0
(mod p).

From [3, Theorem 22], we see that the contribution to Ly(p, X’; s) from the
set of solutions with x; = y; for some 1 <7, j < 41is at most X4eOUogh/loglogh)
Hence, since C' is large, we can assume that the number J of solutions of the
congruence

(zi +5) = H(yj +s)#£0 (modp), wz,y; €X. (3)

—.
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subject to the condition

{z1, 29, 23, 24} O {y1, Y2, Y3, 94} = 0 (4)

satisfies -
og
J > X460'6010g log h . (5)

We follow the idea of the proof of [3, Theorem 22]. With any solution x =
(1,22, x3,24) and 'y = (y1,Y2,Ys,ys) of (3) subject to (4), we associate
the polynomials

4 4

P(2)=]][(Z+x:) and Py(2Z)=]](Z+mz).

i1 i=1
Denote

Ryy(Z) = Py(Z) = Px(Z).

Since Ryy(s) = 0 (mod p) and h < ps, it follows that Ryy(Z) is not a
constant polynomial (as otherwise it is identically zero, which contradicts
(4)). By the Dirichlet pigeonhole principle there exist 27 such that we have at
least J/ X solutions of (3) subject to (4) with the same z; = 7. We claim that
any polynomial R induced by these solutions occurs at most e@(ogh/loglogh)
times. Indeed, fix R and assume that R = Rx,. We have

R(—xz}) = Bxy(—27) = —(y1 — 1) (y2 — 1) (y3 — 27) (ya — 27).

Since R is fixed, from the bound for the divisor function it follows that there
are at most e?(osh/1oglogh) pogsibilities for yy, 4o, y3, ya. Once y; are fixed, we
have at most e@Uogh/loglogh) 1 osqibilities for z; and the claim follows.

log h
It then follows that there are at least X3¢’ Cnslosn different polynomials
Ry y(Z). In other words, the congruence

us® +vs* +ws+t=0 (mod p),

log h
has at least X3¢ Tsloan > X3 log h solutions in integers u, v, w, t subject to

lu| < 4h, |v| <6R* |w| < 4R |t| < R
We define the lattice

I ={(u,v,w,t) €Z*: us® + vs* +ws +t=0 (mod p)}

6
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and the convex body
D= {(u,v,w,t) € R*: [u| <4h, [v| <6R% [w] <4h®, |t] <K'}

For the previously seen, we have that |D NT'| > X3logh. Therefore, by the
Corollary 2, the successive minima \; = \;(D,T"), i = 1,2, 3,4, satisfy the

inequality
4

Hmin{l,)\i} < (X%logh)™t. (6)
i=1
Since h is sufficiently large, we have A; < 1. By the definition of \;, there are
linearly independent vectors (u;, v;, w;, t;) € D NT, i =123 4. We have
the following four cases.
Case 1: )\, < 1. By the inequality (6), we have A\ A A3y < (X3 logh)~L.
We consider the determinant

up vy wy b
Uy Uy wa 13
uz vz ws 13
Uy Vg Wy Uy

A = det

Since (u;, vi, w;, t;) € A;D N T, we have that

Hence,
10

A < /\1)\2)\3)\4]110 < (] p)

X3logh (
as p — 0o. We also have that

us® +vis? +wis +t;, =0 (mod p), i=1,2,3 4,
implying that A =0 (mod p). Thus, A = 0, which contradicts the fact that
(u;, v, wi, t;), © = 1,2,3,4, are linearly independent vectors. Therefore, this
case is impossible.

Case 2: A3 < 1, Ay > 1. The argument we use in this case is based on
the proof of [3, Lemma 15]. We have that A\jAA3 < (X?logh)™!. Since
(u;, v, w;, t;) € T for i = 1,2, 3, it follows that

3

Uy vV Wy S —tl
Uy Vo W 2 = —t (mod p). (7)
Uz V3 Ws S —13
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Let

uy v Wy —t1 vy wy
A = det U2 Vo W2 s Al = det —tg Vg W2
u3 Uz Ws —t3 vy ws
up —tp wp up v —t
AQ = det () _t2 Wa s Ag = det U Vg —tz
uz —t3 ws uz v —t3
Then ,
e A o 1,2.3 8
A 21 1 7 ~21. 10 1= g Ay e
S Xlogh' 7S Xlogh ®)
We note that
A#Z0 (mod p). 9)

Otherwise, from the congruence (7) we get
A=A1=A=A;3=0 (mod p).
Then, by the estimates (8) it follows that
A=A =A=A3=0.
This implies that the rank of the matrix

up v wp th
Uy Vg wWa Ut
uz vz ws t3

is strictly less than 3, which is impossible since the vectors (u;,v;, w;,t;),
1 =1,2,3, are linearly independent.
Thus, we have (9). Then, solving the system (7) we get

83

(mod p), s° = mod p), s= % (mod p). (10)

]
A
From these we obtain that

A2 = AyA  (mod p).

From (8) it follows that the absolute value of both sides of this congruence
is less than p/2. Thus, this congruence is, in fact, an equality. Then

AZ = AA.

8

2 May 2019 15:42:17 PDT
Version 2 - Submitted to Acta Arith.



Therefore, letting d = + ged(Ay, A) for a suitable choice of the sign =+, it
follows that
Ay =da®, A = db*, Ay = dab

for some relatively prime integers a and b. Substituting this in (10), we get
da® = A1b (mod p).
Now, from (8) we see that

h12
X45

)< and [an=0(4) <2

da?| = 0(
Therefore, we get the equality
da3 = Alb

Since ged(a,b) = 1, it follows that A; = @t and d = bt. Then we also have
A = b3t. Hence, from (8) we have

h3 h?
a K } and b <K Y (11)
Then, from s = 52 = ¢ (mod p), and from (11) we derive that

s = (mod p).

a

b

Substituting this in (3)), we get that
(bxy +a)--(bxy+a)— (by1 +a)--- (bys +a) =0 (mod p).

From (8) and the condition of the theorem it follows that the absolute value
of the left-hand side is less than p. Therefore, we get the equality

(bxy+a)---(brs+a) = (byr +a) - (bys + a).

We observe that bx; +a # 0 (as otherwise, z; + a/b = 0 (mod p) which
contradicts (3)). Now, there are X* ways to fix (yi,v2,¥3,v4), and for
each of them the left-hand side can have at most e@Uogh/loglogh) golutions
in x1,x9, x3, x4. We obtain a contradiction for sufficiently large C'.
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Case 3: )y <1, A3 > 1. In this case we have that A\; Ay < (X?logh)~L.
And we have two linearly independent vectors

(ui7vi7wi7ti) S )\ZD Nnr
wil <4ANih, ol S6NR2 | <ANE, (4] < AR

for + = 1, 2. Consider the polynomials

Clearly, these are not constant polynomials, as otherwise u; = v; = w; = 0,
and then ¢; = 0 (mod p) implying that ¢; = 0 (recall that |¢;] < \;h* < p).

Next, from R;(s) = Ra(s) =0 (mod p) we also have that Res(Ry, R2) =0
(mod p). We claim that, in fact, Res(Ry, R2) = 0. Indeed, if A} < Ay <
1/(4h), then u; = upy = 0. Applying Lemma 1 with m = 2 and 0 = ¢ =
1, we get Res(Ry, Ry) < h®. Since h® < ep for a small positive constant
g, it follows that |Res(Ry, Re)| < p. This, together with Res(R;, R2) = 0
(mod p), implies the claim.

If Ao > 1/(4h), then we apply Lemma 1 with m = 3 and

log(61) A2)

— _ log (6
0—1+W, §—1+igoT>O.

Recalling that A\; Ay < X3 we get

h15
RGS(Rl, RQ) < ﬁ
Since h'?/X? < ep, we get that |Res(R;, Re)| < p and again the claim follows.
Thus, we have that Res(R;, Ry) = 0. In other words, the polynomials
Ry(Z) and Ry(Z) have a common root, say [y. Since Ri(fy) = 0, it follows
from Lemma 3 that at least one of the numbers w5y, v1 5y, w1 Fy is a nonzero
algebraic integer of logarithmic height O(logh). It then follows that £, =
ap/q, where ¢ is a positive integer, ¢ < h?, and «y is an algebraic integer of
logarithmic height O(logh).
Now, given a solution (1, s, T3, T4, Y1, Yo, Y3, Ys) € X° counted in J, we
form the polynomial

4 4

R(Z) = H(Z +a;) = [[(Z + ).
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Since R(s) =0 (mod p), R(Z) can not be a constant polynomial, as other-
wise R(Z) would be identically zero, which contradicts (4). We have that

R(Z)=UZ*+VZ*+WZ +T,
Ul <dh, [VI<6R, |[W|<d4h®, |T|<h
Hence, from R(s) = 0 (mod p) it follows that (U,V,W,T) € DNT. Since

Az > 1, we get that (U, V,W,T) is a linear combination of (u, vy, wy, t;) and
(ug, va, wa, ty). This implies that

R(Z) = 11 Ry(Z) + 1sRa(2), (12)

for some 11,75 € R.
It then follows that R(ay/q) = R(By) = 0, that is,

4

4
[Tz + o) = [ [(au; + ). (13)
7j=1

=1

In particular, this equation has at least J solutions with z;,y; € & and
x; # y;. Hence, recalling (5), we see that there is a fixed tuple (y1, Y2, Y3, Y1) =
(b1, b2, b3, by) € X* such that the equation

4 4

H(qxi + o) = H(qu + ),
i=1 =1
has at least 7
i > (0-5C1ogh/ loglog h (14)
solutions in (xq, o, w3, 24) € X* with {x1, 2o, w3, 14} N {b1, b2, b3,b4} = 0. In

particular,

(b1 + Bo) (b2 + Bo)(bs + Bo)(bs + So) # 0.

We recall that 1 < o; < h, 1 < ¢ < h3, and ag is an algebraic integer of
logarithmic height at most O(log k). From the simple properties of algebraic
integers it follows that the numbers qz; + oo and gb; + g, as well as the

numbers A

H(qmi + ap) and H(qu + o),

i=1 j=1
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are also algebraic integers; moreover they are the roots of polynomials from
Z[X] whose coefficients are bounded (by absolute value) by h®). Hence, by
Lemma 3, these numbers are of logarithmic height at most O(log h).

Therefore, by Lemma 2 we conclude that for a sufficiently large h the
equation (13) has at most e“1108"/loglogh golutions with z; € X, i = 1,2,3,4.
This contradicts (14) for C' large enough.

Case 4: \; < 1, Xy > 1. Let (uy,vi,wi,t;) € Z* be the nonzero vector
corresponding to A;. We know that

us® +vis +ws+t=0 (mod p).
We consider the polynomial
Rl(Z) = u1Z3 + U122 + w1Z + tl.

As in the Case 3, we have that R;(Z) is a nonconstant polynomial. Given
a solution (xq, 2, T3, T4, Y1, Y2, y3,¥a) € X counted in J, we consider the

polynomial
4 4

R(Z)=]][(Z+ =) - [[(Z + )

i=1 j=1

Since R(s) =0 (mod p), we see that R(Z) is also a nonconstant polynomial
(as otherwise it would be identically zero, contradicting (4)). As in the
previous case, we write R(Z) as

R(Z2)=UZ*+VZ*+WZ+T,
U| <4h, |V|<6h*, [W|<4h®, |T| <A™

From R(s) = 0 (mod p) it follows that (U,V,W,T) € D NTI. Since Ay > 1,
the vectors (U, V,W,T) and (uy,v;,ws,t;) are linearly dependent. Thus,
Ri(Z)|R(Z) in Q[Z].

Since R;(Z) is nonconstant, it has a root ;. Then [y is also a root of

R(Z). From this moment on, the proof proceeds as in the Case 3.
]

4 Proof of Corollary 1

Let X be the set of those x € {s+1,...,s+ h} for which 2 = ag? (mod p)}
for some y € {s+1,...,s+ h}. We observe that |X| = J,,(s;h).

12
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For each (x1,...,24,y1,...,9s) € X® we have that
T1T9T3T4

Y1Y2YslYa

Hence, there exists t =ty € [—4h + 4, 4h — 4] such that the congruence

€ {g" (mod p):t e [—4h+4,4h —4]}.

T1T92374 = ¢Y1yoysys  (mod p), x;,y; € X

has at least |X|®/(8h) solutions. From the well-known application of the
Cauchy-Schwarz inequality, it follows that the congruence

T1T9T3T4 = Y1Yaysys  (mod p), Y € X
has at least |X'|®/(8h) solutions.

If
h14 h15
_ >
T jap =P
then the condition i < p*® implies that |X| < hi and the claim follows
Let
h14 h15
=t = <DpD.
" Jap <7
Then by Theorem 1 we get that
|X]° 4
L < x| tte®,
o, = 1
Hence |X| < hito®) and the result follows. O
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